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X-ray Debye-Waller factor measurements of solid®He and *He
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X-ray synchrotron radiation was used to measure Debye-Waller factors of helium crystals féHeotmd
“He in both hcp and fce phases. To our knowledge, there are no previous measureméHes fbhe ranges
studied for®He and“He crystals were 11.52—-12.82 and 10.95-12.18, amspectively, and 11.5-18.2 and
12.0-20.3 K. With small uncertainty, only a Gaussian dependence upon momentum t@nsterfound, and
no anisotropy was detected in the hcp phase. Mean square atomic deviatfonsind Lindemann ratios were
obtained. Large Lindemann ratios confirm that these solids are highly anharmoni¢ufhealues agree
within an average 1% with computations of Draeger and Ceperley from path integral Monte Carlo methods
including unusual extrapolations to the thermodynamic limit. Because the path-integral MonteRIRHZ)
computations exhibit @ dependence fofu?), which also depends upon molar volume, an empirical analysis
was made of the present data as well as of published x-ray and neutron data diédcfhe volume
dependencies are similar to those found from calorimetry, over a large volume range, and the temperature
dependencies show similar systematic variations with molar volume both in x-ray data and PIMC results.

DOI: 10.1103/PhysRevB.67.094303 PACS nuniber67.80.Cx, 67.80.Gb, 61.10.Nz, 63.2&

l. INTRODUCTION direct (u?) measurements presented here which include all

A. Atomic vibrations in solid helium contributions to atomic displacements.

HeIium3 has traditionally been a popular topic of B. Debye-Waller factor
researcH A noble gas, it is chemically inert and forms a ) ,
solid through the weak van der Waals force, which is well 1he Debye-Waller factor is an attenuation of coherent

characterized. Since helium is the second lightest elemenCaitering, caused by displacements of the atoms from their

the atoms in helium solid have considerable zero-point engiverage positions in the crystal lattice. These displacements
. . : e are due to both the zero-point energy and the thermal energy
ergy, compared to its cohesive energy. This qualifies it as &

squantum crystal.” The large zero-point energy invalidatesm the crystal. The thermal energy decreases with tempera-

. ; . ture, causing a decrease in attenuation. At zero temperature
any harmonic treatment of he!lum lattice (jynanﬁ(m]d P'€ " in helium, only a considerable zero-point motion is left.
sents a challenge for sophisticated theories and modeling. 1o attenuation due to the Debye-Waller factor has the
One useful measure of the anharmonic nature of a crysta},m of
is the mean square deviation of atoms from their average
positions,(u?), which usually increases as the crystal tem- 1(Q,T)xexp —2Mg), (]

perature increases. A direct determination{af) can be

made from Debye-Waller measurements. Either neutrons . .
y scattered radiation, arld , is the Debye-Waller factor along

X rays can be used fo‘H_—|e, but x rays have the advantage the direction ofQ. The Debye-Waller factor can be expanded
that required sample sizes are much smaller than for neu-

trons. Becaus€He is a very strong absorber of neutrons, x
rays are best used when bdtHe and>He are to be studied. 2MQ=<u2Q>Q2_(1/12)(<U4Q>_3<ué>2)Q4+O(QG),
There is an indirect way to arrive at a value {or) using 2)

measurements of the dispersion of excitations found using .
coherent inelastic scattering. However, such deriya@)  Where (ug) is the (temperature dependgnimean square

values can be generated only if a series of assumptions gtomic deviation along the direction &. If the deviations

made. The measurements of well-defined excitations arf the atoms from their average positions form a Gaussian

used to generate a one-phonon density of states, employingsg'ape' the Debye-Waller factor can be simplified to its first

fit to a Born—von Kaman model. The resulting density of order term:

states is then used to calculate a value(iaf), neglecting oM =<u2>Q2 @)

any contributions from ill-defined and/or unusual excitations, Q Q-

commonly seen in solid helium at higher energies. There iSolid helium has been shown to have a Gaussian momentum
enough information from measurements to make such fits fodistributionn(p) within small experimental uncertainties us-
hcp, fcc, and becéHe crystals’ There are also measurements ing neutron scattering,although this does not necessarily
for hcp 2He crystal$ but not enough for a fit. We emphasize translate to a Gaussian position distribution. Theoretical re-
that any such value du?) generated in this manner neglects search claims that, for molar volumes ®=10 cn?, a

the unusual excitations present in helium crystals, unlike th&aussian shape fo(p) is not strictly valid® However, up to

hereQ=7(k;—k;) is the momentum transfer vector of the
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now, there has been no measurement in crystal helium thab keepQ constant for an elastic pegkifferentiating Eq(4)
shows any deviation from a Gaussian distribution within ex-with respect to temperature leads to
perimental uncertainty.

With an assumed Gaussian position distribution, Eijs. 1 d

i d
and(3) result in d ,_1d

In(1(Q,T)) = —(us)Q?+const, (4)
showing that if the temperature is fixed and a series of inte]'hiszshows that the Chang.e in mean square atomic deviation,
grated intensity measurements are taken for many elastid(u®), can be fOL_md from integrated intensity measurements
peaks(with Q measured for eaCth(ué} can be directly mea- taken at an elastic peak for small temperature stepsac-

sured. This is done by plotting the natural logarithm of the€0rding to
integrated intensities vers@?, with the negative of the re-

sulting slope bein@ué) for that particular temperature. The A(u2>%Q‘2A In[1(Q,T)]. (7)
experimental test of this Gaussian assumption is a first object
of measurement. This process only gives a change (in?), so the absolute

For crystals that can take a cubic basis, such as fcc, anfu?) needs to be known at one of the points for reference,
directional dependence «mé) must have cubic symmetry. measured by the previously described method. It is also pref-
The quadratic contribution to the Debye-Waller factor is nec-erable to use an elastic peak with a relatively hi@hor
essarily isotropic. For crystals with a hexagonal basis, sucthese temperature dependent measurements, as the relative
as hcp(ud) is not isotropic; there are components along thechange in integrated intensity is larger at lar@eif, at some
aandc axes:(ui) and(ug). In general, the components for future time, experimental observations reveal a non-Gaussian
two directions for hcp elemental crystals are not equal, albehavior, this kind of analysis can be modified appropriately.
though there is a rough correlation of their ratio to the crys- For clarification of the later discussion, the type of mea-
tals’ lattice parametec/a ratio. This can be seen in such a Surements involving many elastic peaks at one temperature
comparison using known measurementgug) and(u?) for will be referred to asQ-dependent measurements, while
hcp elemental crystdlswith the correspondinga and ¢ those of a single peak at different temperatures will be re-
values'® the only caveat is that this comparison containsferred to asT-dependent measurements.
only metals. The lattice spacingsandc were measured for

the hcp helium crystals used for this experiment, with an Il. EXPERIMENTAL DETAILS

average value of 1.6318) for c/a. This value is close to,

but clearly somewhat less than, the ideal ratio \8/3 A. Helium crystal matters

=1.633.. ., consistent with early inferences from birefrin- Growing and manipu|ating helium Crysta|s precise|y re-

gence measuremenifsThe measured/a corresponds to a quires extensive care, including sensitive thermometry and
metallic (uZ)/(u3) ratio near 1.2. However, helium is an in- precise pressure gauges. A full account of the equipment and
sulator and not a metal, and in the measurements presentpgbcedures as used for these measurements was described
here, there is no noticeable difference betwéef) and(u?)  elsewheré?'3as was the Be pressure cHil.
for any set of measurements. Because of thi%} is as- Figure 1 shows the sample arrangements inside the closed
sumed to be isotropic for hcp He, although it is possiblecycle refrigerato(CCR), with the cell center orientable on a
there is some currently unmeasured difference between thgtandard synchrotron beamline goniometer. Because the sin-
two components. tered beryllium used for the sample cell and the outer radia-
From here on(ué) will be referred to as simplyu?), tion shield is made from a fine powder, the Debye-Scherrer
due to isotropy, seen within currently very small limits. In rings are very uniform, making a highly reproducible back-
some works,(u?) refers to the three-dimensiongiadia) ground. Calibrated Si diode sensors provided accurate mea-
mean squared atomic deviatigrepresented here dsi?)), ~ surements and control of temperaturg, typically to
whereas here it is the one-dimensional version. For an iso+ 0-01 K. The heater on the fill line can actually be used to

tropic distribution, there is a simple relation between theMelt and grow a crystal more precisely than using the main
two: cryostat heater.

Pressure in the external gas-handling system is generated
<ur2>:3<u2>, (5) by an air-driven two-stage diaphragm compressor, to pre-
serve the 99.9999% purity of the sample gases. Absolute
Since(u?) is a measure of the energy due to atomic mo-pressures were measured by a high-precision Bourdon gauge
tions present in a crystal, it is interesting to measure thef small volume, supplemented by a strain gauge =h-
temperature dependence(of), especially at a constant mo- sitive to =10 kPa) used to monitor pressure changes during
lar volumeV. This can be done by taking sets of integratedcrystal growth and x-ray measurements.
measurements of elastic peaks as described earlier, each at aThe available ranges & andT for making measurements
different temperature. This process can be very slow, and were limited, as shown in Fig. 2, by the CCR, by the pres-
quicker way is preferable. If the atomic volume of the crystalsure system, and by the helium phase diagrams. Within these
can be kept constant during a change in temperdboi@der  ranges, both fcc and hcp phases of béte and “He are
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FIG. 1. Internal diagram of the cryostdA) OFHC Cu Cold
finger extension of CCR and sample cell moyBt. Lexan vacuum FIG. 2. Phase diagrams ofHe and “He, with locations of
can and containment vesséC) Be radiation shield(D) OFHC Cu present measurements. The dashed lines and hollow circles corre-
radiation shield with aluminized Mylar windowE) Cold finger spond to®He, while the solid lines and filled circles correspond to
temperature sensoff) Sintered Be sample cell, 0.8 mm 1.0G) “He. The dotted lines delimit the region available for measure-
Sample cell temperature sensgi) Sample gas fill line, wrapped Mments, due to experimental constraints. Both fcc and hcp phases
with a heater line, attached to cell by maraging steel fitting. were studied.

available for study. Any temperature dependent measurdl© nonlinear features, the background for a data scan was

ments to be made have to contend with the narrow temper&iMPly removed by fitting a line through the background
ture range for each phase. levels on both sides of the peak and subtracting the area

under the line; the angular ranges of the scans were wide
enough to capture the entire peak. The corrected data for the
elastic peak were then numerically integrated.

The measurements were done using x-ray synchrotron ra- Additional adjustments to the integrated intensity were
diation from bending magnet lines. The photon energy usedone to take into account attenuators and the change of the
was 16.00 keV, chosen such that the highest order reflectiolfuminated volume of the crystal used. Attenuators were
expected to be visible above background would be @t 2 placed in the beam between the incident flux monitor and the
=90°. The majority of the data presented here was taken &ample, since the dynamic range of the detectors were not
beamline X-14A° of the National Synchrotron Light Source sufficient to measure the high count rates of the lo@er
(NSLS at Brookhaven National Laboratory, while the re- peaks as well as the low counts rates of the higDgreaks
mainder was taken at beamline 1BM®®f the Advanced (up to a factor of 10 difference. The absorptions of the
Photon SourcéAPS) at Argonne National Laboratory. The attenuators were precisely measured at the end of the experi-
x-ray beam at the sample position was horizontally polarments using the same x-ray beam as the measurements. The
ized, and had a spot size of 2 mm horizontal by 1 mm verneed for a volume change correction comes from the chang-
tical at the NSLS and 0.2 mm square at the APS. The choici#g angle of the sample cell with respect to the x-ray beam,
of spot size is not a simple one, as a small beam will moreereating a changing path length through the sample and re-
likely hit a single crystal, but also needs to be stable in posulting in a changing amount of atoms available for scatter-
sition or there will be variations in the amount of illuminated ing. This effect does not seem to noticeably affect results for
sample due to the cylindrical nature of the sample cell. a broad beam, since the helium crystals are usually smaller

Care was taken to measure accurately the integrated irthan the size of the beam, making the volume of illuminated
tensity values for the reflections. For each reflection, a raverystal rather constant on rotation. For a beam smaller than
integrated intensity measurement was made by taking a rockhe normal helium crystal size, the effect is more evident and
ing curve of the elastic peak. The individual data counts werenore in need of correction. Corrections for both cases of
corrected for the dead time of the detectordependently beam size were determined, and in practice only the small
measuregland normalized to the incident flux monitor. The beam correction was made for the corresponding measure-
detector used at the NSLS was a xenon-filled proportionaments.
counter, while at the APS a Nal scintillation counter was Corrections were also made for the Lorentz factor of
used. Since background scans for all the measurements hpsin(26)]~* for horizontally polarized photons and for both

B. X-ray matters
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FIG. 3. Rocking curve measurements of an ideal Ye crys- FIG. 4. Rocking curve measurements of typical Refe crystal.

tal. Shown are th¢a) (111) and (b) (333 peaks. The only cor-  shown are théa) (00 2) and(b) (10 7) peaks. The only corrections
rections made to the data shown are for dead time and incident flugade to the data shown are for dead time and incident flux normal-
normalization. The absolute intensities of the scans are normalizegation. The absolute intensities of the scans are normalized with
with respect to each other, showing the<20° dynamic range  respect to each other, showing the? ynamic range needed for
needed for the measurements. The scans are from measurement 31gf measurements. The scans are from measurement 6 of Table I.
Table I.
those types were found. This lack of such peaks, forbidden in

the crystal structure factor of the reflection and the atomidhe hcp structure, confirms that structure and in addition veri-
form factor, for which the values used were from Su andfies the crystal quality(absence of significant stacking
Coppens.’ An additional adjustment could have been madefaults).
for the contribution due to thermal diffuse scatterifidpS), Ideally, T-dependent measurements would hold the molar
but TDS effects for measurements taken at synchrotrons arolume of the sample constant. However, due to safety con-
normally small and in practice were made to becerns, we could not physically isolate the helium in the
insignificant!® After all these adjustments were made, thesample cell from the rest of the pressure system. There is
resulting integrated intensity value was used with othersome isolation due to a frozen helium blockage of the fill
from different reflections for determinin@i?). line. From measured lattice parameter values, it seems the

Much effort is required to determine whether the quality blockage would slip occasionally when the temperature was
of a helium crystal is sufficient for precise integrated inten-changed; this was most likely due to changing pressure in the
sity measurement. A perfect single crystal filling the entiresmall gas ballast as more solid formed. Thelependent
sample cell is an unrealistic expectation, and there is no negieasurements are affected by this, but the actual effect is
for that degree of quality. Multiple crystals within the x-ray very small and not accurately measurable.
cross section of the sample cell are fine as long as a large,
stable, single crystal can be picked out and oriented. The . RESULTS
crystals used had mosaic widths at the rocking curve base of
no more than 0.25°, with the exception of one which had
rocking curve widths of 0.50°, easily seen to be from mosaic There were 13 sets d)-dependent measurements taken,
by the several peaks in the rocking curve. Examples of rockas shown in Table I. A full listing of the integrated intensity
ing curves from both ideal and typical specimen crystals arelata is available elsewheteMolar volume valuesV are
in Figs. 3 and 4, respectively. For each figure, hi@rand  derived from lattice parameter measurements. Measurements
low Q reflections are shown, with the full extent of the scansé and 9 were taken at the APS, while the rest were taken at
not shown. Note that in each example a very wide range othe NSLS.
integrated intensity is covered. The small residual back- For each set, the corrected integrated intensity @rvl-
ground levels are most easily seen in the higkcans. ues for every reflection are used to solve fof), according

We found what appeared to be a peak at the forbiddemo Eq.(4). Examples of such sets are in Figs. 5 and 6. Figure
(11 reflection for a hcp crystal at the NSLS, but did not do5 shows measurement 6, which has the largest total number
a strict verification at the time to eliminate the possibility of reflections utilizedall labeled, as well as having reflec-
that it arose from multiple scattering. A subsequent longtions with the larges@ values; the rocking curves in Fig. 4
search was made at the APS using another hcp crystal, lookre from this set. Plota) from Fig. 6 shows the temperature
ing for {111, {001, and{003 type peaks, but none of dependence ofu?) from measurements 13 and 12, as the

A. Q-dependent data
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FIG. 5. Debye-Waller measurement of héfe crystal. This is FIG. 6. Debye-Waller measurements from Table I. Intensities
from measurement 6 on Table I. The indicésk(l) of each reflec- are relative to the smallest intensity value shown. Pdptis of an
tion are shown. Intensities are relative to the smallest intensithcp “He crystal at different temperatures, with the circles and tri-
value shown. angles corresponding respectively to measurements 13 at 12.00 K,

and 12 at 14.23 K; the increase in temperature results in a steeper

absolute magnitude of the slope increases withiacrease slope. Plot(b) is of two similar measurements for a féele crystal
from 12.00 to 14.23 K, as expected. The two data sets arat the same temperature, 18.13 K, with the hollow and filled circles
plotted with the same intercept to illustrate the relative corresponding to measurements 3 and 4, respectively. Measurement

intensity change for each peak. Pld from Fig. 6 shows 3 is multiplied by 1.5 to give a visible offset.

measurements 3 and 4. The measurements are_from the S&Dfered is the nearest neighbor distance from lattice param-
crystal and the same temperature, demonstrating the repr@se, measurements. Most materials melt before reaching the
ducibility of the measurements; the rocking curves in Fig. 3present high values, indicative of helium's strong quantum
are from_one of these_ sets. . solid nature. The Lindemann ratios in Table | for the hcp
The Lindemann ratio, using E¢), is crystals generally increase with increasihgr largerV, and
~ the ratios for hcp and fcc tend to be larger fiie than for

(up) “He. Measurements 8 and 12 are e and“He, respec-

tively, at 14.23 K, with the®He molar volume only 2.0%

<)

L.R.

8

TABLE |. Q-dependent measurement conditions and data.

Meas.  Crystal Num. of v T (u?) V3(u?)/d Om

label type reflections (cfh (K) (104 nmP) (K)

1 hep 3He 7 11.56€3) 15.861)  11.5823  0.195719) 117.11.9
2 hep 3He 7 11.5683) 17.371)  12.1966)  0.201154)  114.34.9
3 fcc 3He 9 11.57€3) 18131  11.4311) 0194709 121.10.9
4 fcc SHe 7 11.57&3) 18.131) 11.5Q15) 0.195413) 120.51.3
5 hcp 3He 11 11.6023) 11.521) 11.3522) 0.193819) 113.61.9
6 hcp 3He 18 11.60%) 16.901) 11.5822) 0.195719) 118.21.9
7 hep He 11 11.8983) 16.81(1) 11.9626) 0.197321) 115.02.0
8 hcp 3He 11 12.3683) 14.231) 12.9141) 0.202332) 104.82.7)
9 hcp 3He 3 12.5264) 13.341) 13.0258) 0.202345) 103.03.8
10 hcp 3He 4 12.8173) 12.541)  13.4327)  0.204G21)  99.31.7)
11 fcc “He 10 10.9513) 20.251) 9.9927) 0.1855%25) 110.42.3
12 hcp “He 7 12.128) 14231  11.2528  0.190224)  93.21.9
13 hcp “He 7 12.12®) 12.0401) 10.2617) 0.181715 97.51.3
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larger than the*He molar volume; the measured Lindemann 1.24 - - - - - -
ratio for 3He is 6.2% greater than that dHe. If the He
measurements 6 and 7 are used as a guide for volume differ- 100 | o )

ences, the 2.0% molar volume difference should account for
about 1%, making the Lindemann ratio féHe about 5%
larger than for*He near 12 cr and 14 K, due to’He atoms 116 F . ]
having less mass.

It is obvious that u?) values are very temperature depen-
dent, but a representation that is relatively insensitive to tem-
perature is very useful, as it lends itself more easily to some
type of scaling. For this purposéy?) values have tradition-

<> (10 -3 nmz)
o
T

) X 1.08 I -
ally been converted into equivalent Debye temperat(oés o
the Debye-Waller type®,,, according to the formula 0
1.04 + o ® -
. 3KET2 | OF  (®u/D ede
e )
m kB®M 4T2 0 eE_ 1 100 1 1 1 1 1

11 12 13 14 15 16 17

which depends ofu?), the temperatur&, and atomic mass T®

m (wheremis 3.0160293 amu fofHe or 4.0026032 amufor ki, 7, T.dependent Debye-Waller measurements for Pide

He). The Debye temperature is part of the simplisiiod  ang hep*He. Q-dependent measuremerslid points are used as
unrealisti¢ Debye model, proportional to its maximum fre- references for th@-dependent measuremeft®llow points, since
quency. Heat capacity measurements are also converted ingge latter generata(u?) valuessee Eq(7)]. The square points are
their type of equivalent Debye characteristic temperatureHe measurements from the crystal used in measurement 5 from
Cv’ for similar reason8.Values of ®,, do not have an Table I, with the(3 0 0) peak measured for tHE-dependent values.
intrinsic physical meaning, as they depend on a model that i§he circle points aré'He measurements from the crystal used in
wrong, but they are useful for comparing data from othermeasurements 12 and 13, with tf13 peak measured for the

measurements. For our measurements, value® gf are T-dependent values. For tHéle values, measurement (& 12 K)
shown in Table | is the reference and 12 is a successful cross-chebkre the error

bars of measurement 13 are shown with the last Tadependent
B. T-dependent data pointy. Each isotope has a different molar volume, but both are

Two sets ofT-dependent measurements were taken. Alotted here for compactness.
explained in Sec. Il B, these data are not strictly isochoric,
but the possible effects of any slight change in molar voluméncreasing temperature at an essentially constant molar vol-
have not been corrected. The héple set uses th€300  ume. The decrease foHe is also evident in the
peak from the crystal used for tiigdependent measurement Q-dependent values as well.
5. The(u?) value for measurement 5 is used as the reference.
This set of measurements was done twice, while raising and
while lowering the temperature, with good repeatability as IV. DISCUSSION
the two pieces were consistent to within 2% at each point; an
average of the values for each temperature has hence beenWe first discuss the remarkable agreement of present mea-
used. The hcpHe set uses th€2 13 peak from the crystal sured(u?) values to path-integral Monte CarlBIMC) com-
used for measurements 12 and 13. In this case, the measugstations over a wide range of experimental conditions. In
ment 13 value is used for reference, and the measurement B&c. IV B, an empirical scaling of data by molar volume is
value is then available for an independent comparison. Thidefined in terms of numbe¥ai?) and their derivatives, and
set was taken mostly while raising the temperature, and a jogll published Debye-Waller diffraction data for crystal he-
is visible in it where the temperature controller had a glitch.lium are compared. In Sec. IV C, the dependencie$udj
Reliability checks were then done at two points below thevalues upon temperature, measurecflite, are found to be
glitch while lowering the temperature; they were againsimilar, when expressed &, , to the dependencies updn
within 2%. The two sets of data can be seen in Fig. 7, as welbf the energies of some excitations in neutron work*ete.
as the correspondin@-dependent values. As expected, theln both cases, such behavior contrasts with that of a quasi-
(u?) values rise with temperature for both sets of measureharmonic solid. Finally, in Sec. IV D, a variety of other top-
ments. For the’He values there is agreement between thecs are covered, including isotope effects, a search for non-
T-dependent measurements and @elependent measure- Gaussian contributions to the observed scattering, and a
ment 12, if the error bars for measurement 13 are used fasomment on the relation of measurements of atomic kinetic
the T-dependent values. energy. Altogether, it can be seen that the present extensive

These values can be converted@q, values as before, coverage of conditions of molar volume, of temperature, and
seen in Fig. 8 where pld#) is of the 3He measurements, and of change in isotope now provide a broad coherent outline of
plot (b) is that of “He. In both cases, decreases with these aspects of atomic motion in crystal helium.

094303-6



X-RAY DEBYE-WALLER FACTOR MEASUREMENTS @ . .. PHYSICAL REVIEW B 67, 094303 (2003

116 - - - - @ studies of*He. The first*He measurements were done with
T neutron scattering by Stass$ al. for the hcp phasét The
o M4r o T others were done with x-ray scattering: Venkataraman made
= . “ - e 2] several measurements for the fcc ph&sand Burns and
@ 112 ¢ 7 Isaacs made a single measurement for the hcp phase at low
o . . . . . 1 temperaturé® Table | of Draeger and Ceperf@also shows
' ‘ ' ' ‘ ' favorable comparisons to the measurements of Stassik
1 12 13 14 15 16 7 and of Venkataraman.
100 : : : : : Conversely, there are substantial systematic differences
(b) - between PIMC results and indirect inferences abgquft)
98 . from inelastic neutron scatteringds noted in Sec. | A, such
e o o 4 neutron inferences apparently do not include all contribu-
c 9% © L tions to atomic displacements, unlike direct Debye-Waller
= RS measurements.
@ o4t oA
o | _ B. Volume scaling of Debye-Waller data
The data presented here, as well as the previous published
90 ' ' ' ' . measurements, are from crystals of varied molar volumes.
120 125 130 135 140 145 Ope may represent them on a common basis, independent of
T (K) any assumption about the nature of vibrational contributions

to (u?), by volume-dependence of the equivalent number,

FIG. 8. T-dependent Debye-Waller measurements for Pide ®,,, through a definition of a lumped Gmaisen parameter,

and hcp*He, represented as equival@dt, values. Plot(@) corre-
sponds to the’He measurements shown in Fig. 7, while pib} aIn
corresponds to théHe measurements. Note the differ@htanges Y= — —M_
for each plot. In both cases, the isochofig, decreases with in- dinv

creasingT.

(10

There are not enough data to provide an experimentally de-
rived yy also displaying the possible temperature depen-
. _ dence. In their absence, we note that in helium a fit/¢o
The present experimental resplts spurred theoretical Workpes exist for®c. , the equivalent Debye temperature for
by Draeger and Ceperley regarding the use of PIMC methodﬁ . v .
eat capacity measurements. Two different sets of heat ca-

for solid helium:® Early computations with small PIMC pacity measurements at various molar volumes were made
sample sizes produced values(af) consistently about 1/7 r 4He 2425 yith extrapolations oM, to T=0, resulting

lower than present measured values. Further investigatiol .

revealed that if the number of atomi, used for the com- in the fit for y¢  at 0 K:

putational sample size was increased, the resulftirty val-

ues rose toward better agreement with experimental values. ~ vc,=0.8114+0.09690V, 26<V(cm®)<13.7. (11)

A method of extrapolating PIMC computations to the ther- _ )

modynamic limit W:w) was thereafter devised’ and com- Less eXtenS|VéHe measurements were also tal%gla,nd It

putations matching the conditions of six of the present meawas shown thafHe tends to conform to the sameit.

surements were made_ The agreement between the Ina harmonic analySiS, the h|gh and IOW temperature lim-

experimental and computational values {or) is remark- its of ©¢ and®y correspond to certain Debye moments of

able in every case, as shown in Table Il, where the correthe distribution, wp(n).* Thus, even for a quasiharmonic

sponding experimental values from Table | are also lid%ed. nonmagnetic insulating solid, E€L1) is not ideal for scaling
There are no previous Debye-Waller measurements fobecause the low temperature limits correspond to different

3He, to our knowledge, although there were three previousnoments, so thay,, and vc, have different values already

A. Comparisons to PIMC computations

TABLE Il. PIMC computations by Draeger and Ceperi@ef. 19.

Crystal \Y T (u?) Corresponding (U exp
Type (cm®) (K) (104 nm?) Measurements (10 nn¥)
fcc 3He 11.54 17.78 11.440) 3,4 11.4311),11.5Q015)
hcp He 11.90 16.84 11.824) 7 11.9626)

hcp 3He 12.81 12.31 13.269) 10 13.4327)

fcc *He 10.98 20.00 9.139) 11 9.9927)

hcp “He 12.12 14.55 11.173 12 11.2%28)

hcp “He 12.12 11.85 10.243) 13 10.2617)

094303-7



D. A. ARMS, R. S. SHAH, AND R. O. SIMMONS PHYSICAL REVIEW B7, 094303 (2003

22 ~ T T T T 124 T 1 1 T T T
A e
AA\\ B o]
S g C o 120 % .
o9 D =
N ey E 7
20 .
3.0 116 1
3 . o M2 1
= i | 3 A
@ 1.8 \\ @2 E -------
(S, E{\\\ 108 ____'_T:.__‘:_,——:::,,,,,,,, s %{\ i
T N
iy
104 .
16 F : -8 F :
R —— C
L &+ D J
V 100 e E
1.4 1 1 1 1 > 96 1 1 L 1 1 A
0.96 1.04 1.12 1.20 1.28 1.36 0 4 8 12 16 20 24 28
log( V (cm®) ) T (K)
FIG. 9. Current and previous equivalent x-réy, values at FIG. 10. Graphs of equivalef,, values for*He measurements

various temperatures. Since the temperatures of each measuremanti computations, scaled to 11.50%using a heat capacity G

are not the same, this graph is useful only for showing trends. Dataisen parameter. Data set A is the cur@rdependent values, while

set A is the current’He measurements, while data set B is the data set B is th&-dependent values. Data set C is the accompany-

current *He measurements. Data set C is from Stassial. (Ref. ing PIMC computational values generated by Draeger and Ceperley

21) set D is from VenkataramaiiRef. 22 and point E is from Burns  (Ref. 19, with the dashed and dotted curves being the correspond-

and IsaacgRef. 23. The dashed line is the Gmaisen parameter fit  ing fits to the computations, corresponding to a 10.98-foo crys-

to heat capacity measurements from Gardner, with the vertical offtal and a 12.12-cfnhhcp crystal respectively. Data set D is the neu-

set set to pass through data set C. tron measurements by Stassisal. (Ref. 2J), data set E is x-ray
measurements by Venkataram@ef. 22, and data point F is by

in the limiting case. The fact that helium is not a quasihar-Burns and Isaacdkef. 23. Except for the fit curves, all values over

monic solid makes the use of this scaling even less reliablel7.5 K correspond to the fcc phase, while all others correspond to

The measured data are also notTat0, which Eq.(11) the hcp phase. Divergence of the two computational curves at

assumes, although at low temperatures the deviation waugherT is discussed in the text.

seen to be smaft*

ing within a regime of crossover between quantum and clas-
sical limits for finite-size scaling ofu?). Note that these
o . _computations extended outside the region of the phase dia-
In any case, use of EL1) is instructive purely for quali- gram accessible by experimeffig. 2), being 5—-20 K for fcc
tative comparison. If the current and previqug) measure- 4He and 5-18 K for fcc3He .
ments, converted to an equivale®t, values, are plotted Figure 10 shows the prese@t and T-dependent experi-
together versus volume on a log-log scale along witmt§e  mental“He results converted 1, values scaled to a molar
relationship, as in Fig. 9, it can be seen that the and*He  volume of 11.50 crh using Eq.(11). Also shown, similarly
measurementgsolid and hollow respectivelyroughly fol-  scaled, are the values of Stassisal,?! Venkataramar®
low the relationship. This graph of course displays possibleBurns and Isaacs and the computationatHe ®,, values
differences arising from temperature differences between thffom Table Il, as well as curves representing fits of the com-
measurements, from structure, and from isotopic mass. Wputations to Eq(13). This graph includes both fcc and hcp

¥e (10 K)/¥¢, (0)~1.02, V=13 cn. (12)

consider those below. measurements, with values over 17.5 K corresponding to the
fcc phase and those below 17.5 K corresponding to the hcp
C. Temperature dependences phase.

The first thing to be noted about Fig. 10 is that the two
rves representing the PIMC fits diverge at higher tempera-
tures. Near O K, the scaling seems to be rather good, consis-
(U)=a+b T3 (13) tent with the fact that the heat capacity values used for the fit

correspond to 0 K, but the fits diverge relatively quickly
was found by Draeger and Ceperley, which is used below foabove 10 K. Since the fits are consistent with the experimen-
comparisons to experimental values. This unexpected cubial measurements, this implies that the scaling used for this
dependence was explained by Draeger and Ceperley as arfigure is less than ideal, which was expected. Since the

From computations made at several temperatures, an em;,
pirical temperature dependence of
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dashed curve is for higher density solid than the dotted curveensities, helium melts at temperatures around one-tenth of
(10.98 cni versus 12.12 ci), the curves corresponding to the equivalen®,,, and at the highest densities so far studied
the even higher density measurements of Venkataramapy x rays near melting? still melts at a temperatur@00 K)
would have even higher values. Indeed this is consistent witfar below the anticipate® ), value for that density.
computations by Draeger and Ceperley for ¢hé) values at
24.40 and 25.94 K, which show agreement with her values. D. Other topics

Second, that current isochoric x-ray results are contrary 10 peyious workers examined helium isotopic dependencies
quasiharmonic behavior can be recognized in another way. ¥, heat capacity® for Raman scattering and for
a quasiharmonic fcc crystal is conS|deret_1, a contlnuog_s CUNVBhonon€3* For x-rays, ourHe values of®,, seem to be
of wp(n) can be composed. For smailit has a positive roughly 15 K higher than those fofHe. Using a simple
second derivative, having a minimum fobetween 0 and 2;  mass-scaling factor of/4/3 and a frequency scalinfjw

also, there is a larger value faip(—2) than forop(—1),  =k;0,, at the same/, one sees that théHe and*He x-ray
making the high temperature limit ddy, for that system values are consistent with such scaling.

larger than the low temperature linfftFinally, it is expected The work of Draeger and Ceperley assumed an idéal

that the transition between the two limits should be mono-atio in hcp. In fcc, they found a small anisotro@é term in
tonic, with no local maxima or minima. the Debye-Waller factor. The present measurements of many

This expectation is met in fcc neon, the noble-gas solideflections from single crystals did not reveal any anisotropy,
closest to helium. From inelastic neutron scattering studyhowever, even in the hcp crystals. All data were therefore
neon’s low temperature limit o, is smaller than the high analyzed on an isotropic basis, as mentioned earlier.
temperature limif® Magnesium can be used for a compari- As shown in Eq/(2), there are higher order terms for the
son to an hep solid with a/a ratio close to ideal, and it has Debye-Waller factor, which do not exist for a Gaussian dis-
limiting cases fo®,, with the same relationship as nettt?  tribution. Draeger and Ceperley predicted a small presence
The Debye moments for neon and magnesium, used to dé&f these higher order terntsJeading to a conclusion that the
termine the limiting®,, values, are derived from the one- distribution is neither strictly Gaussian nor isotropic. From
phonon density of states obtained from a Born—vomnka  the appearance of the graphs of our data sets, it is hard to see
fit to measured phonon dispersion. The same conclusiofny definite curvature to any of them. Nevertheless, an at-
about the neon frequency moments follows from direct x-raytempt was made to look more carefully for a nonzero higher

Debye-Waller measurements on neon by Kabat. order term, by fitting the data to a quadratic equatio®fn
The measurements for helium show a different, decreas- - 5 22
ing temperature dependence of the pres@nt. This is logl1(Q)]=a—b(Q%)+c(Q)". (14)

cIearIsy ShOW”4'“ Fig. 8 by th&-dependent measurements of The resuits of the fit did not show any conclusive evidence of
both *He and”He, as well as in th&-dependent measure- 4 second order term. The resulting valuesdavere, for the
ments when looking at théHe measurements 1 and 2 or at most part, within the associated statistical error, with both
the I_-|e measyrem_ents 12 and 13. Further, the PIMC COMpositive and negative values appearifgthough mostly
putations predict this dependence abpve _10 K, correspondlr}gositive_ The absolute value@nd their errorsfor ¢ tend to
to the present measurements, seen in Fig. 10 by the curvass 1/1000 the size df. If these errors indicate the limits of
Evidence  of ) this dependence was first seen byygssible deviations, then those are about 1/6 the size of the
Venkatarama#? who studied helium at smaller molar vol- spnerically averaged kurtosis found by Draeger and Ceperley
umes than those studle_d in the pr_esent Work._ _ _ in the fcc phase. It should be remembered, however, that the
The decrease dd\ with increasingT shown in Fig. 81is  gata were analyzed using a calculated free-atom form

like the sign and percent shift of the decreases in energy Ghetor!” which is the most strongly-dependent aspect of
selected excitation energies seen in neutron work at higkhe gata reduction.

density® To the extent that Eq(9) represents some lumped For a quantum solid with a large Lindemann ratio, one
average of individual contributions, there is consistency Withmight expect the presence of noticeable higher orQér
the neutron results. However, present direat) measure-  terms in the Debye-Waller factor, since the approximation
ments include all contributions to atomic displacements, unygsed in Eq(4) ordinarily breaks down when the atomic mo-
like the selected neutron response peaks. Indeed, the neutrgg, is large. However, PIMC computations showed that
work lacks data at higher energies. crystal helium’s atomic distribution has a primarily Gaussian
It is interesting to compare, qualitatively, the volume- natyre, with a minute non-Gaussian component. This is con-
scaled behavior of the presefly, in Fig. 10 with analogous  firmed by the present experimental work. Therefore, as far as
scaled behavior for the heat capadiy. , shown in Fig. 11 the Debye-Waller factor is concerned, anharmonicity present
of Ahlers2* In both cases, as the molar volume is decreasedn the crystal is masked.
the temperature dependence of the characteristic temperatureFinally, we note that the previous close agreement of
moves in the direction toward that of a quasiharmonic solidsmall-sample PIMC computations with precise kinetic en-
However, in both cases the molar volume around 12 ism ergy measuremeritfor helium is due to kinetic energy being
still in an intermediate regime between the most-quantuna local property of the quantum crystal. As PIMC work is
behavior(above 20 cr), and is quasiharmonic. This latter carried to the thermodynamic limit the kinetic energy
behavior seems beyond observation in helium. At presenthanges littlé? unlike (u?), which is a large-scale property
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of a crystal. PIMC computations of small samples put in athat helium at present molar volumes certainly does not ex-
periodic array evidently do not establish the same referenchkibit a quasiharmonic behavior.
lattice for (u?).
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